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Specific Instructions:

e Please check the box [J behind the name of your instructor on the cover page.
e The time duration for this exam is 120 minutes.

e Computers and calculators are prohibit in the exam.

e Answers can be written in either Chinese or English.

e You may ask for direct translation during the exam, if needed.

% For problems 2-8, please show details of calculations or deductions. A correct answer with
no details can not earn points.

Notations and conventions:

e R is the set of real numbers. All the scalars here are real numbers.
e [ denotes an identity matrix of suitable order.

e 0 or 0 may denote the number zero, a zero vector, or a zero matrix.
e det(A) is the determinant of a matrix A.

e tr(A) is the trace of a matrix A.

e adj(A) is the adjoint (adjunct) matrix of A.

e A linear system is said to be consistent if it has at least one solution.
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1. Fill in the blanks.
(1) (8 points) In R? let u= (1,0,—1) and v = (0,1, 2).

(a) Jlu—v|=__ /0 :

b)u-v= ~L :

(c)uxv= (I,‘7/‘},‘l ; 2 4
(d) The orthogonal projection of u on v is proj,(u) = (0, - T ?)

-1 2
(2) (4 points) Let A = and p(z) = (z + 1)(x — 1). Then

3 L
“Ti I
-2 1 S
(3) (4 points) The inverse of the matrix A = is _\ 7 1T
5o 3
1 1 1
(4) (6 points) Let A = 1 9 3 |- Compute the following trace and determinant:
1 4 6
tr(AT) = 9 de(aey—_ -~

(5) (4 points) In R3, suppose that IT is the plane given by 2z —y — 3z +2 = 0. The distance

between the point Py(1,—1,0) and the plane II is 5 )i
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2. (8 points) Find an invertible matrix P such that PA = B, where

11 12 Q13 a21 22 23
A= a1 22 ass|» B = a a12 a3
asi @32 ass @31 — a21 a3z — Q22 assz — 23

) o O ) all a?l 6(23 ]
5’-( 0 O) dy | 0 A3
o

zl_du a}%zan aﬂ’agzs—l

—_—

0 |0 | v o
) o 0 0!(7*/4
) o |0 | 0 © v | O
/: IOD)’Q!D: o o
voo | o - |
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3. (10 points) Let ¢ € R be a parameter. Suppose that
pi(r) =1-2x, po(x) =3+ —ca? ps(z)=—1+32%

pa(z) = 14 2021z + 2021%2% + 2021%2°.

Find a value of ¢ such that py,po, ps, ps are linearly dependent in the vector space P, of all

polynomials.

) -2 D0

7 - 2 | Co

4454 A e
| 202] 20" 22F

I l “L 0 -) 0
9 14] - o)
S L =C o 220 3 | C
-0 3 p
o 3
| 2ot 2 2l |
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4. A square matriz A is called idempotent if A2 = A.
A square matriz A is said to be involutory if A? = 1.

(1) (6 points) Suppose that A, B are both idempotent. Prove that A+ B is idempotent if
and only if AB+ BA =0.

(2) (6 points) Suppose that A, B are both involutory. Prove that AB is involutory if and
only if AB = BA.

1) ARt BA=0 = AFB =A+E HAHBA
(0 %5 EZ B & AT = (A8
OER ﬁa FEeaR jﬂf " N
S ArB)" [
2) A=F. B:E
Z AB=BA
AR =HBAR= ABBA = ABA =A 54=4 "=
% AB €
WABKE - W KBART=AB B 4B
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5. Let A be an n x n invertible matrix. Prove the following two statements:

1

(1) (6 points) adj(A™!) = (adj(A)) .

n—2

(2) (6 points) adj(adj(A)) = (det(A))" "A.

)R A = =2 QT = AITA

AN = WE O AR A
R LA =t |
e KA =A% E
A= E SRR e
: o xLE
F0 % .,/%u./a E e=N AP g T%

LA)J '—%J ' k- -
P AT e W

_ A )
= L A

=A A"
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6. (12 points) Let a,b € R be parameters. Consider the linear system of equations

;

—2r 4y +z = =2

\ =z —2y +z = a

r 4y +(0—-2)z = a*+b

\

When is the above linear system consistent? When it is consistent, find the solutions.

JWE{;L -2 ( ] -2
N R BERAT
1 b2 atb g
[ -2 | d
(0 3 b2 oEath J
° 0 b alwbi Ve
At
O hED b SRR - Y=
==

@ )=0 4% a 4 ate B BF:
S R (1;)1%(’)’)

4 l

) - (g’)%(’,’)

HNFCVE

0= 1% w4 |



Nov 14, 2021 Linear Algebra Midterm Page 9 of |ﬁ|

7. (10 points) Evaluate the following determinant of order n (n > 2):

1 2 3 n—1 n
2 1 2 n—2 n—1
3 2 1 n—3 n—2
D, —
n—1 n—2 n—3 1 2
n n—1 n—2 2 1
0545 38 95 464 & /ﬂfé’ﬂ ?/7%
I L Y 2
Dzl ) o
S . /R
S | oo -2
D\B4% R, T b
2 -2 n-l
-2 2 2
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8. A matriz A is said to be skew-symmetric if AT = —A.
Let A be an n x n skew-symmetric matrix with n > 2.
(1) (2 points) Suppose that n is odd (i.e., n = 2k — 1). Prove that det(A) = 0.

(2) (8 points) Suppose that n is even (i.e., n = 2k) and det(A) = 0. Prove that the linear

system Ax = 0 has at least two linearly independent solutions.

DV AN AL BLp=2kr "
orAlE AL 2 ATIEAL A AT A

Y BV TR Z B V|

) AT A TE AN - AL A=

lBl=0, o TA)=N.
AP AR5 ) @F AL, 2IR-TOT o kSR
YolhF g PRizex
R @RV BT Ee 2%
B0 Be: b bRt kBt kA
BT @FE BEA L A T A3 WA FALREY)
0 =-6,
Aol =Kol kol T Bt e 4t b,
LB, Bl 24 A
O A, Bhn-1vh
Pl 2 -l aaT 4k 39 Y o, U IR0
T <l Ay znl Tiaan2
% Ty = 1283, %@Wa %% 6 5o EE

T, BéL BSF AT 2200 Qo3 T

N
-
N

hY



