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Problem 1. (10 pts) Let A be the matrix

1 10
011
0 01

Find the general expression of A™ for any positive integer n.






Problem 2. (16 pts) Consider a matrix

3 0 5 2 1
A=1|1-3 —-12 -4 5 -5
1 -4 2 3 -1

(1) (4 pts) Find the reduced row echelon form of A.

(2) (4 pts) Give the general solution of the homogeneous linear system
Ax =0.

(3) (4 pts) Does any non-homogeneous linear system in the form of
Ax = b with the given coefficient matrix A and a nonzero column
vector b = [by by b3]” have a solution? If you think this is true,
explain the reason; otherwise provide a counterexample.

(4) (4 pts) Find the dimension of the row space of A, column space of
A, null space of A and null space of A”. Here the row space of A is
the subspace of R™ spanned by the row vectors of A, and we define
the column space similarly.
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Problem 3. (12 pts) Let P(1,2,3) be a point in R?® whose coordinates
are (z,y,2) = (1,2,3). Let H be a plane in R3 defined by the equation
20 — 6y + 2z =0.

(1) (2 pts) Find the normal vector n of H with ||n|| = 1.

(2) (4 pts) Find the distance between P(1,2,3) and H.

(3) (6 pts) Let Q(3,1,0) be another point in R whose coordinates are
(x,y,2) = (3,1,0). Let L be a line that is contained in H and
orthogonal to (73 = (1,2, 3) and passes through Q(3,1,0). Find the
equation for L in the parametric form xg + tv, with a parameter ¢
and appropriate vectors xg and v.






Problem 4. (12 pts) Consider the quadratic form
q(x1, w0, 23) = 233% + 2:5% + 2:15% — 2129 — 22123 — 22973,

(1) (2 pts) Find a symmetric matrix A such that ¢(z) = 27 Ax.

(2) (4 pts) Find the eigenvalues A1, A2 and A3 of the matrix A, and put
them in decreasing order A\; > Ay > As.

(3) (6 pts) Find an orthogonal change of variable x = Py such that ¢(z)
can be expressed as

q(x) = Myt + Aoys + Asy;.
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Problem 5. (10 pts) Consider the vector space P, of polynomials of degree
at most n.

(1) (4 pts) Prove that

1
(prq) = /O P! (2)q" () da + p(0)q(0)

is an inner product on this space, where p’(x) denotes the derivative
of p(z). (You may assume that (P, Q) = fol P(x)Q(x) dx defines an
inner product on Py for all k.)

(2) (6 pts) Let n = 3. Find a basis for Ps that is orthonormal with
respect to this inner product.
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Problem 6. (16 pts) Let My be the vector space of 2 X 2 matrices with
real entries. Define the inner product (A, B) = tr(ABT) on My, where BT
is the transpose of B and tr denotes the trace of a square matrix. Define
T : May — Moo by
T(X)=X+XxT.
(1) (4 pts ) Show that T is a linear transformation.
(2) (4 pts ) Find the matrix for 7" relative to the basis

s={(an) (50) (10) (09)}

(3) (4 pts) Find the eigenvalues and bases for the eigenspaces of T'.
(4) (4 pts) Find an orthonormal basis B’ of Mas such that the matrix
for T relative to B’ is diagonal.
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Problem 7. (12 pts) Define ap := 1,a; := 1, and inductively for each
integer n > 0, any2 = apy1 + ap.

(a) (6 pts) Prove that we have, for each integer n > 0, < An+2  On41 > _

An+1 anp
1 1 n+1
(1a)

(b) (6 pts) Use (a) to calculate ajgpp in terms of g = 1+V5

2
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Problem 8. (12 pts) Let A be an n X n matrix with all distinct eigenvalues
A1, A2, ..., Ar (1 < n). Use the theory in this course to prove:

(1) (4 pts) If A is diagonalizable, then
ML — ANl —A)--(MI—A)=0. (%)

(2) (8 pts) For any positive integer n, the condition () implies that A
is diagonalizable.

If you don’t know how to prove (2), you can try to do the following:

(3) (4 pts) If n = 3 and (*) holds, then A is diagonalizable.
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