M RBE SN
555 FRNEEEW.

o IR HUHEREOYE, PGB IRIEE R AHER LS EE

« BiRERZBEFEINABTO X HEA4TRFMT, B, N, LE)RIIRSE
WHEENEREE, TIEE X . WP ElZ i N a2 iE%
2, T AT T B2 A — L H I 3

o BE TR RN ZRE N B A S W BVEE A, 5SS ER.

c BUGCERERATHEINE, HP—LFRSHREXNETRAZREE.

1 HXENE: EEZE

1. — S5 B m) & 25 (0] 5 7 25 [H] (subspace), LA UnfAT#ff 2 ‘B AT 1A 2L i (basis) 5
#E %1 (dimension):

o ZWAXTEP, ={ap+ax+...+a,x":ap,ay,...,a, € R}o

LEESSINRYEE

(a) dim(P,) =n+1

(b) #HZIAp(r) € P,AEHEZ T MAFRMSLER, BIfAE B A
PS8y, .. 2y m > n, F8p(x;) = OXFTE = 1,..., mAL,
W ap(x) =0 € P, BIXFEMp(z) = ap + a1z + ... + a, 2" PR
ag, ay, . ..,a, LAHEE0, WEIp(z) = OXHEMr € REKAL,
KEFMIRB: FA-LEBME-EEFEZ1-2-D): AW (p(z),q(z)) =
p(1)g(1) + p(2)q(2) + p(3)q(3) RGPy EII—APIF

© S={l,z,2% ... 2"} P IFERIE, XTpx)=a+axr+... +
anx™s BATHp(x) KT SHIFREIE (coordinate vector)

Qo

p@)s=|" | R

Qn

o HFHEFEASE], UV = Mpgn, V = {A € My, : AT = AYFITE XHFR
R R 1 - TR B 55
PSR
(a) HITE—LH WARRE 2 A LR o LT M, o IR UEIE R (WL X101 7).



23 RV ={Ac My, : AT = A}H—HELK.

BE: A = [1 0 LAy = [O 0 JAy = [O 1]2HEETVE<J—
0 0 0 10

ALK, FRNEIRA, Ay, Ay € VEMTER, HATMTXFRHERFEA €

Moo BT AR IR N

ai a12

(121(: CL12) 22

ﬁ\g: ﬁiﬁ‘/ = {A € M3><3 : AT = —A}E@—‘Zﬂgﬁo

A= = a1y + anAs + a12As.

0 10 0 0 1 0 0 0
BE: Ay=|-1 0 0|, A=]10 0 0|, A3=10 0 1|AV=
0 0 0 -100 0 —1 0

{A€ Mayz: AT = —A}—HIEIK. BINAT = —AZRAXT A4 E
(T4 /20, Hay; = —ag 5T #£ jor, FEFEAREAT = - A,
il 73

A = a19A1 + a13A1 + ax3As.

KT E B EIRESE: WIEU = { v _"T] cx,y, 2 € RVFIW =
y 2
{[ a b s a,b,c € RYE Moy o HF 73 [A](vector subspaces), FF#H
—a C
EATRE.

e NTAEV,W C URMAEV N Wt M2V, W c UK
MV + WRTZ. HILEBEEWHEV NW5V + WHHK.
REBMEBHE: 2022-2023FHARELAE KT, WE7XIELProblem B: In
Pg, let

p1(7) = 5+2z+42% py(x) = —3+20+227%, ¢ (7) = 2—2—22%, o () = 2w+52°.
Let V' = span{p;(z), p2(x)}, W = span{qi(z), g2()}. Find a basis of VNIV.
o FIELEZE E B 1) AR B ) B )RRV R — AR AR, vy, v, €

Viﬁiﬁ"]?’fl‘m?‘%pan{vl, R ,’UT} = {k’l’vl—i—. . -+krvr : kl, e kr € R}o
T LR RLATY AL B R X 2K 1) s ) ) i S S 4R

REMIEE: 2021-2022F K EZIRXT: In R3, let v; = (3,1,2),v, =
(5,3,4),v3 = (1,1,1),v4 = (4,2, 3), the dimension of dim(span{ vy, v2, v3,v4}) =



o BN Rdim(V + W) = dim(V) + dim(W) — dim(V N W), HAERH Wik
X Theorem 4.39, 4 H 7 B H 5 7] & 25 (8] R 4E 20190 & B LA T 2516
RS R B JUASF 2 M A IS S, AT e s R 1% A 5K

KERMIE: E-LRIELBonus
RFMRE: 2022-2023FHARIEHAE K : Let V be a vector space and

Vi, Vi, V3 be three 2—dimenisonal subspace of V. Assume that V; NV, =
ViNVs = VoNV3 = {0}. Then the minimal possible dimension of V' is

ER: dim(V)Fra] Re BRI 1 5 ME 4.
BB Adim(Vy N V,) = dim(Vy N V3) = dim(V, N Va) = 0. Kk, &
AT DA R4 A T 15

dim(Vy + Vo + V3) = dim(V4 + V3) + dim(V3) — dim((V; + V2) N Va)

= dim(V4) + dim(V3) — dim(V; 1 V5) + dim(V) — dim((V; + V2) N1 V3)

= dim(V}) + dim(V3) + dim(V3) — dim((V; + V2) N V3).

GEE, BRIV +V0)NVs £ VinVs+Van V). JEER, (Vi+Va)N
Vi C Vo Vsl )— A28, BRI R A dim((Vh + Vo) N V) < dim(V3),
Pl ikt A B4 5 YR AT

dim(Vy + Vo + V3) > dim(Vy) + dim(V) + dim(V3) — dim(V3) = 242 = 4.
MHTV + Vo + Vs CVRVI—AT2E, B XA
dim(V) > dim(Vy + Vo + V3) > 4.

HERATT AT L& 3RS M dim (V) Be BUR (1 B /MBI &4 I 4 T 36HIE 1%
Fll, A4V = RY, REREMIERFS S BBV, Ve, Vie LR
T HSER R AT, BAAdm(V) = 4, SAERHLdin((V; + V) N
Vi) =dim(V3), BI(Vi+Va)nVs=Vs= Vs CVi+ Ve, 5Vi4+Vo+Vs=
Vo WARNREALIX AN KA RN 2, ABRMFEREN, VL, Vs C
RYEAFV, + Vo =V = RUANVI N Ve = ViN Vs = Vo n Vs = {0}. Rl
BEA[ELV, = span{v; = (1,0,0,0),vy = (0,1,0,0)}, V, = span{vs =
(0,0,1,0),v4 = (0,0,0,1)}, V5 = span{vy + v3 = (1,0,1,0),v3 + vy =
(0,1,0, 1) i A 25 Ao WO I AT o

2. HRERIFL (rank), FALE (nullity), 47725 [EIRow(A)(row space), %143 [A]Col( A)(column
space), & 7% [E]Null(A)(null space)t) & L LA EATZ IR R, ALEESL
FRANZRAL P FH ORI — S S sCRUANSE 0, R H eI 1 @t

3



* A€ Mpxn> rank(A)+ nullity(A) =n

o A€ Myxn, BE My, rank(A + B) < rank(A) + rank(B), WEHHEVY-FLE
5 D A 1-3—(A)

* A€ Mpyun, B € M,y rank(AB) < min(rank(A), rank(B))

* A € Myx,, rtank(ATA) = rank(A); SLhr LA CLUEBANUll(ATA) =
Null(A) A SzRow(ATA) = Row(A), UL X Theorem 4.38( ¥ 2% &
FREIER), FEZEE I EMA € M,y B8O (HF X Theorem 4.38 A #2
B TA € My TGN, SLPR E1Z5E B E X AETA € My, #H 2L
)

RRMBE: 2022-2023FHARE XA, BISE13)X{Fl Problem B.

o XH M Theorem 4.8.7: ST A € M,,x,,, #SHNull(A) = Row(A)*,
Row(A) = Null(4)*, Null(AT) = Col(A)*, Col(A) = Null(A")+.
BIRow(A)5Null(A) B A 1EAZ #Morthogonal complement), Col(A)5Null(AT)H
NIEAZAN

3. HiFEAFH(matrix transformation) 555 FEAR R PR o X R X 4.9-4.1075 6

o WTA € My, BAT—EHHTIREAT SRS, BT, : R —
R™AH R T () = A G VEAR e, U FRATH A [TA2RIEHRA, BI[T4] =
AN SR B AR BT )b #E 50 B (standard matrix). V¥ &E: fFAT @ R* —
R™ (R AL AR 4R S — N HERE A e (PF L Theorem 4.45), Tho T = Tap;
Ty:R* — RYZE—ANFEYHAYA € M, T8, BT = AL,

o Ty :R™ — R™MENLEMATH ) — Lo 8 BAH CNE R {HI8(range), #%(kernel),
FIf} (one-to-one, injective), i (onto, surjective), [F]#4)(isomorphism, bi-
jective), WHLHT(inverse).

o WFZIFEIET,  R™ — R™E N — N2 AR e B it 2 17 BT A 14 o I sl 2
B RS HE R B AR R B i /2 PR T o 78 B 9% 1 X Theorem 4.51.

4, [Fl—A ) 2 6] AN [R] 2 JiC 2 18] 3% 4% 45 B (transition matrix) 11157
WAL WRB = {uy,...,u,} 5B = {u),..., u }RVIIPAIIE,
L EATTZ R ) A H B A2

PB%B’ = |:[U,/1]B [’U,IQ]B [UHB] y ['U]B - PB%B’[U]BW
Pp p= [[ul]B/ [uslp ... [un]B/] ,[v]p = Pprp[v]B;
DL K
Ppep = Py p.

REMEH: FN-AEZEENT-IET2-1, FN-TZEMFT-F380, 2021-
20228 R MENE 7% 4E) Problem A.
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5. WAL NN R R, RN RIFIE X LL350 K R AR

XTA€E Mysn, b e R™, FATH
Az = b fif#(consistent) <= b € Col(A) = RAN(A).

XHFITFEA € Mysns LANUIEEN:
(a) AW ¥ (invertible);
(b) Ax = OfA T JL#(trivial solution);
(c) AMITEIZIM B 7 (reduced row echelon form) A AL FHEFE T, ;
(d) A= E, ... B LLRIR N —H )5 Hi B (elementary matrix) 136 HH;
(e) Az = bXHEATb € R*#{4 i (consistent);
() Az = bXHTATb € R H A — 24,
(g) det(A) #0;
(h) AfIn AT 1A & (row vectors)Zk 4 JC K (linearly independent);
(i) ARInA%1 [\ & (column vectors)Zk P4 F- 5% (linearly independent);
() ARIn/MT AR K A 2 (AR
(k) ABInAF [ 5K RS [ R
(D) AFIn/NMT AR R ) — LR
(m) ARInANF ) 2 AR ) — 4 i
(n) rank(A) = n;
(0) nullity(A) = 0;
(p) Null(4)! = R";
(@) Row(A4)* = {0};
(1) T : R" — R", Ta(x) = Azt 5/ —— Wi (injective/one—to—one);
(s) Ty : R™ — R T (surjective/onto);
() T4 : R™ — R™2[A] 14 (isomorphism);
(u) A = 0A R ARRHIEE (eigenvalue);
(v) ATATTIEGER, WEHXANEM LR T E Blrank(A) = rank(AT A)).



2 WXNELET: LMTH
1. LR A AR 7 B 2 1 P M5 -
Tu+v)=T(u)+T(v), T(ku)=kT(u).

W LE R AR A 25 8 B LA BRI 1 R Z A R
BB E: WX s ek e S 2 DL BB (T I S S5 ) .
ERE—NRET : V — WE&MTRN — M0 EXM4RZT(0y) = 0y, BIT
SREAEV IR 1A B Oy MU B W I E M &0y . Klitk, 7EAIWITZ 524
if, AT DL e PO ISR T 2 15 R X SRR, A AN R W T b SR AN T e A 2K
PEAR R TR X TR, B4 R B4k SR 50U T 72 75 [R) IS 2 vT i 5 5%
A e HE F i R B

BIF: XFAE Mywn, bER™ b#0, BT :R* - R™ T(x) = Az + bAoA
B, FNT0)=A0+b=0b+#0.

fBlF: FHENHHFEA € M, XM 2R B (quadratic form)Q, : R —
R, Qalx) = x" Az, REXN Tz =0 € RPEARAQA(x) = 0, (HIFFEZIX
Tk e RIATA

Qa(kx) = (k:v)TA(k:v) = kQ(mTA:c) = k2Qa(x),

XAMREZ FEQA(kT) # kQa(z), WM IKHQ, : R® — R—BORUAZE—
AR e

2. RMBET - V — WHIH(kernel), {HIH(range), A 5f(injective/one—to—one),
Wi 5T (surjective/onto), [F]#(bijective/isomorphism), LS T~ E X o

3. PR AR AT 45 8 SR G O T R AR M e BE R R B, W 2R
YT -V — W, SHEVI—HEKB = {v),...,v,}, HEWHK—HE
JKB' = {w,,...,w,}, BATRTBEBHMERRIN

Tlps = [Tl T@e ... To))s] € M
FALEWTIRT .V - WEHERNHEMERRA = [Tz s SR FERRT,
R" — R™Z [A]FIR R AT B FR:

veV — L s Tw) eW

| Joo

([v]p €R") —= ([T(v)]p € R™)



BT (v)]p = [T|p o] pHEfv € VIOL, HEXRfp:V — R, fp(v) =
W p AV R TEIEB = {vy, ..., v, AR BB, B — AN E, B
WS

X1

X2

fgliRn—)V, f;l( ) = TV + 2T9V9 + ...+ T,U,.

T

Al LRI 1) B A PR i AR AR B R PR R [T g p bo 1550 H1E
Pt X Theorem 5. 171N & »

23] 2021-2022HAK & IRX1EZF:  The linear transformation 7' : P, — Pj is
defined by 7'(p(z)) = xp(20+1)—2xp(x) for any p(z) € Po. Thenrank(T) =,
nullity(7) =

BE. 4B = (Lo VNP, B — {1,2,2% 22} NPk
&, HE [T 5 5 Hrank Minullity B AT

WL AW — A R IT -V — W T A S A S R G5
TN T B A S AR VR BT ST IR R R IR [T g p 2R34T LA
AW, et -V - WRRKNHHMNHERIERER(Tp s € Myxwm AR
W, 5 LR DR ST A I e 5 SCHHM8 2 I P AT ] 17, 3K 28401 7 Jigom
TARZ 2 S0 SRS A S R R BRI VR g, C (R IR 4 7~ IR D

BeAh, AR EYE T B AR ¥ & A (composition of linear transformations)T} o
Ty IR B2 7R (3 X Theorem 5.15)-55 [FI R T 11356 WL T~ ()R FE 2R 75 (3 X Theorem
5.17-(4), Theorem 5.18).

REMTH: £100%4E Problem A, B, Z£10)%{EdlProblem D, FE1171E
Al Problem A, B, C-(1),(2), EMN-AEENME4R0 .

4. AVELRERE 5 AR

(@) Fid: M TEWERT .V -V, B, BAV EHHHIEKR, BAT) 55T s
L, UL X Theorem 5.20:

[T]B’,B’ — PB/FB[T]B,BPB&B“
RFMER: FIURIEL Problem C-3), HMI-AEEMFEHSH.

7



(b) LANIRIREINHEUAZE:

o A5 BAAL, Nidet(A) = det(B);

o A5BHML, Nirank(A) = rank(B);

o A5 BMAL, Wnullity(A) = nullity(B);

o ASBHL, #H AW, W B,

« ASBHRL Wer(A) = tr(B);

« A5BMLL, WAL BAHEHIRHIE 2 53 (characteristic polynomial);

« A5BML, WAL BAHIF KFFRHE(E (eigenvalue);
o A5BHML, HAAEAT AL BRFFAEEN I HFFAE 25 5] (eigenspace) 1 4
HOHFE: dim(Null(AI — A)) = dim(Null(A\] — B)).

R FHE ) & (eigenvector) A A2 AR LA AR & !

BeAh, ECA R R LA RN, WX 161-16271 .

« ASBHL, MAT5BTHEL

« AS5BHIL, WA 5 BHHALL;

« ASBMEL WX FAERZ A f (2) = ag+arz+. . Aamz™, f(A)5Sf(B)H

(7

LA RN EREAS BHIL, ABVABHR S ESHL A
FAAAZ ESR HIX S 24
RRMEEE : 2022-202385R 3E H5 X BF AN X 16357 ERIFIF;5 SB75-
tEEMEEIN; Er-tEEMBIETH2-3.

3 HNEARE: FIHESHIERE

1. RFE1E (eigenvalue), HFiE M) & (eigenvactor), HF{iE % Wiz (characteristic polyno-
mial), FFMEZS ] (eigenspace) i€ S, LR E AR Wa) >R H A R HE 2 Tl

HRFEAE

WO R REARRHEES — N2 A f (1) = ag + a1z + ... + @™,
KRI(A) =aol + ay A+ ...+ ap AMRHEE L f (A~ RHMEE. X —R8H
H e 7 32 Wik X Theorem 6.7

KEMEEH: #HX166T1-16771 FI 6l F(RRAXFHEAP EXD); FIUR/EA
Problem E.



23] 2022-20238AK EINEE
Let A, B € M;.3 be two matrices that are similar to each other. Suppose that the
eigenvalues of A are 2,3, 5. Thendet(2B —3/) = .

ER: CHANEHEEN 2,3,5, HASBMML, KRk % F AR S

R RFALE R —F 58, WL E BV IEE By 2,3,5. Bk, X120

Kf(z) = 22 — 3, FIFPE L Theorem 6.7-(3)F[ 41, 2B — 31 = f(B)MFHIFHE

Af(2)=1,f(3)=3,f(5)=T.

WAEVE R BE A3 x S FEI2 B— 34 =N AE RHIEE, Pk B PF L Theorem
1

6.150] 1, FEFEBWAR AT Ak, Kealih, 2B-3I' 5% %MD = 3 | M

Bho Rltk, FIHATHI AU R FL, AR REERN
det(2B — 31) = det(D) =1 x 3 x 7 = 21.

. FEFEA € My REVEXT AL FEZER A, ALCRE & s SRR AL BT 55 1%

o ZEICHRFAEAE A AR U B (algebraic multiplicity)5 J 1A % % (geometric mul-
tiplicity) 1 € Lo

o A€ My, AT LABON AL 24 HACSAFAE AR n MRFAE 7] 5 2H R 1) — 2H A
J&K o

o A € My, FT AR Y BACH S G Fr b B A 2 S8, HAARANRHIE
(B ) AR 2 4 5 A A E A A 45

o WRA € My, AnMARIFFAEE, A AT, AL,

o MAWD = P AP XS A M D5 AT 8RR B PR R AR R 1 (EE
WD LR E AR ARRHEME, PIIA| &2 2 ANRME &), &
WEYZE P X Theorem 6.13HJ1EHIL#E

o B AHEFEX AT R SRR TR AR, WF 1750

HOLEAN . FIT I E AR R A AL
REMEE: 512%4E 1 Problem A.

WD, 2 E MR 2 T, B LR AR AR DL BRI A 2
S IREER &

3] BETHHS.2TE3TIRG S 58 15-1655 .

WO RT3, B R AR AR S R A 1) B B R A 1 2 s B SR T A

9



— BBRER TR R o
REMEE: 2022-20238AK EHIZ KR EIZE12)R/E . Problem C,

&3 RWA € M sMRHIEE A1, 2,3, Krank(A), tr(A) UL Kdet(A),

BER: WTAENSH R, BA =ANAFEMREE, KA SR AT 45 M
1
th, HASXMAHED = 2 AL, A Nrank, tr 5 det ¥ AHIA AL &,
3
WAL 2 AT LAAS 312 % Nrank (A) = rank(D) = 3, tr(A) = tr(D) = 14243 =
6, det(A) =det(D)=1x2x3=6.

3v3

HOLAR A SRR R A A SRR R R e R
5
ﬁ 41 . Find A?%22,

RFMEH: 2021-202280FKE R : Let A =

4 T4
BR: JERAZIERE AN FREE B 2w DAY A A (SEBR 2 IEAE X A1k
Rt R TR WP S XN AMEFEDEISED = P LAP, REKARR
NA=PDP~, HitE(PDP )22 = pDX2p-1RIT[13 3| A2022, FEITHE
AR DI R R T 2 B — T R R AT

3] BCHEHS523ITIRE S I E 172050,

3. R VEAS M R A SRR 1) B o JF BT HRREE 5 R E ) AT DL
FERERR(T) g g RITE, WA 11KAE I Problem Do

HWNEEE: EXER, RRTE, ZXBS5®EMIE
B 50 iR
1. 1EAZ%E P (orthogonal matrix).

o IEASHIMER R I 5 ST SR X, R R i X Theorem 7.43F 4 7 3%
I S5 2 4 P A

RFEMBE: 2022-20238AFK E XA E-LEB M6 . 1 1%
HH, R AERA R S || Azl | = DT 2 |2 = 1R e RS
BT ik Hr, AT UR B AN 1 R S T AR — N IE S AR B (R A F)
FIZ AN 5 o] LUIE B || Az ||= ||| MHAEfTz € RAAL). P IE 28 56
FIn A5 1) B R Y — AL bR v IE A8 SE R BRI AR 228 H Al . a2 X

10



2.

5.

T8/ H SEFR_E RN 2522 1 RO IEAS HRE B AN SN 25 . ARG WL 2R
N—LEEHMERSHEE R,
N A (inner product) 14T, FERUUAIGIE— DR T E NN, HE,
SR UL R (- ) BT EERON AR, At B (v, v) > 0ER%S 50k, M A
LIRS E (v,v) =0 <= v=0€V,

REMEER: FA-LtEBNIIEET1-2, #1877 894 F(2021-202287
KEIXR), F12)%1EA Problem D,

A ISR HA 6.1 8 — L AFRRY 2 H5F

AR 2 ) B SRR S Va8 (norm),  #E B9 (distance), I ffi (angle) )T 5.
X LU ILUF 18571 .

RFMBE : 2021-20228KE X HEZ/: The inner product on M, is given
by
(A, B) =tr(BT A)

LetC =

2 3 —1
3] ,D = [2 . ] . The distance between C'and Dis d(C, D) =

Z®:. it%.,/(C-D,C—-D)=/u((C—-D)T(C— D))BIH,

AR 25 ] B IE 22 26 A (orthogonal set), 1E A2 FLYE4E A (orthonormal set), 1FAC 3%
J&&(orthogonal basis), #R#E IE A %5 (orthonormal basis) € L S5FCTHE .
WEIRF X Theorem 7.14 K N 7%

REMmB: 2021-202280KEXEZ@:  Let (V,(-,-)) be an inner product
space, and {vy, vy, v3} be an orthonormal set of V. Then the norm ||5v; — 2v, +

3’1]3 ‘ | = .

BR: FH{v, v, vz R IEAZES IR, I A e B 9L L4 Theorem
6.2.3)1 15

1501 — 2vy + 3ws||*= 52||v1||*+(—2)2||:2]|*+3?||vs||*= 25 + 4 + 9 = 38.
ﬁt%%ﬂ‘j”&l]l — 2’1}2 -+ 3’03“2 V 38.
WARZS B L IE S #52 B, B §f X Theorem 7.15, #AZkE 4= ol vH AR

11



2] AN [ B fE RN T W C VIIERZ B projy, (uw) 7%k, 4%
P2 4047] FH Gram—Schmidt 5 VA 15 2| — ZH b e IE AT L

« MRS = {vy, ..., 0, AWK —HIEREK, B EMueV, #HA

<’Ll,,’l)1> <’I,I,,U7->

projy (u) = v ...+ v,
v o [1? lo- 12

WS = {vy,..., v, IWIH—HIREERXER, BLHEMTucV, #b
A

projy,u = (u, v1)v; + ... + (u, v,)v,.

o SWLRAW I IEAZ #Morthogonal complement), BIWL = {v € V : (v, w) =
0}o MatEATu € VESH] AR ME— 73

u = projy, (w) + projy. (w) .
ew ewl
FE, ue Wt < proj,(u) =0,

o DL EIER MRS IREAT, V =W +WL, FHE, HTFWnwt = {0}, H
HEHE P AT AIdim (V) = dim(W+ W) = dim(W)+dim(W+). Fik, &
RS = {wy,...,w, } RWIH—HbRHEERLIREIK, M = {vy,..., 0} W
—H{IEIER IS, ASUM = {wy, ..., w,, vy, ..., 0 VI —4
PR IEAS IS

o Gram-Schmidt®&E KPR RCA: W L190-191 71,

RFMIME: 2022-202380FKE X MENE 122 {EAl Problem E, $F7-3tE
BN 5845
6. SFRFFERIIEAS N Ak, D= PTAP

o VR, LR R FRARE AR TR R ENRFAE SV, = Null(A —
A —HEIES = {wy,...,u,} )5, FAEHGram—Schmidt 574 H
ARV —HASMEIE R RRRS = {vy, ..., v, }o FTARHEZ 8] (bR 1
1EAZ L AL R 40 B E A2 HE B P F ) 2

STFRFEFEIE R BT ERZ S : EXXHAAMT.2T5416T11R G S /71270 .

o VERE, RPRHEFEAS R AR AURF AL S () A 1EAE - WL X Theorem 7.10.
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KREFMTHE: 2021-202280KZ R : Let A € Ms,3 be a symmetric ma-

trix such that

1 -2 1 1
Alo|=10], Al2]=|2
—1 2 1 1

and rank(A) = 2. Find all eigenvalues of A and for each eigenvalue, find an

eigenvector.
1
ER: MBBRAT LA B AR ML E N -2, WRRFEREN | 0 |,
-1
1
S A AL, R R RN (2] . B Arank(A) = 2, T
1

AR S — NMRFEE NOWUER O R ARIRHIEE, B4 B IR S T
TR B AT () S AN 2R () AT AT A rank (A) = 3, SR ikrank(A) =
277 JE) o MR R FRAE AN [F A 2 (8] 2 TR HAH RS, AT R1ASK T 0/ HF

1 1 1
fEZE AW = spanf{ | 0 |, |2| }VIEAZAMV L. RIBETFEEXGR | 0 | X
-1 1 —1
1
2| BEAT 153 2] ASE T 0/ —AMREE 7] 2
1

o VER: X FALAT —IRMQ 4, B Horthogonal change of variable HL H HiL ]
Hote = Py B IIESZHBE PR A RE AR EZ X D = PTAPH
L R R IE A FE B P o ] e X FR R B 114 1E 58 X6 A A0 o & A IRk
[*Jorthogonal change of variable 1 # % %%,

7. kA (quadratic form) P AH MR 51 .

o WA 4N TIRMMRIEXS (v, .., 2,), REXTRIRXTFREE
FEAMEAS f(21,...,7) = Qa(z) = " Az
KERMEE: FAR-LEBNBESHE-(a), F13)X1EUProblem C-(1).

o HWIMEA: B —ANIRMQ4, RXF N Forthogonal change of variable
x = Py fi15 Qis(x) =y (PTAP)y = y"'Dy = M2 + ... + 2o X
D = PTAPRMFRHFEARIX M A, .., N NDXTIZ ERITCER,
TR A A N AR RFIEE -

REMAE: EA-LEANMESE-b), F13R1E L Problem C-(2).
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o WL, B — T IRMQ 4, FIWIE Kipositive definite,negative defi-
niteZ5 58 15 N E A2 F XL Theorem 7.19F1Theorem 7.21H) N %F »
RFME: FHR-tEBMNTEST-(c), F13X1/EdProblem C-(3).

8. MFFHIQRIIfiF -

o VERA € My, 1T LABEQRAF I FT H2 /B rank (A) = n, BIARInANFI M &
AL I

« HHLEILA = QRP B IEZHFEQS b = n] ¥ Hi K R B AR
i, DGR ER o E — A B EE QR . VEEQWITHE L
b b6k N AR AN 1) 1] 2 A# F Gram—Schmidt & 764K A %1 2 (8] 1) — 4 b5
e I
2.5 BIHH6.375 S R3T8 T 497

9. HiFE R A F1E 77 f# (Singular Value Decomposition, SVD).

o A} 5 {H (singular value) 1 & X, WL Y Definition 7.25. ¥ & & 1Ho,
> N R XTRRFEREAT ARRE(E (T AEAR ! )

Btz 4k, ERX AR rank(A) = rank(ATA) = kb <= )\ >
)\22...zAk>O,)\k+1:...:)\n:O = 01 >092>...2 0 >

0,0p41=...=0, =00

%3 A € My o IFMEN2, 1. A LUT Uik LT 2

(A) rank(A) = 2,

(B) rank(A T A) FRFAEAE 41,

(C) rank(AT A) 1475102

(D) A= B A = USV T H I IR0 f 5 FES R A 26 BRI Je &R

N2,
o ALEERUWTTHE — e @ W FER & a0 . Wk 20621001 1) N
%?_

2.5 T HF9.475 S RES52001 58 11-128%0

VER: RS E R DU U, 8 R AR A ) B
722 mW C R™ ISRV -1 — AR HE IE AR

#3: AW =span{(1,2,0,1),(0,0,3,1)} C R, RW-L—AHFrHEES
HK.

10. #H/)h 3k (Least Squares) i it5 .
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o RIEHIEA € My, 55 ED € R™, /N IEM H 1R H Al
fitx € RMEFS
16— Ayl|> [|b — Az]]

YRy € RPAESL . H EAARCK it #2 WL 28 13V AE k. Problem E.

Vg =)

Al i# /£ normal system
(ATA)z = A'b.

FLUR NI s (BB S50 R 25 Sy 55 58 52 Wi S 06 45 2R 1) TR 3R e ok
FER

Y =ayg+amz+ ax? + ...+ a,z".

R FATIAE I B — A LI HHE (27, 1:), i =1,...,m, By NEIKIK
6 P I R o BE I TR U SEAR 45 2R . AR A FRATTAR A F X e il
BN RENS IAMEF TRy S 2 A R R R K (a0, a1, .. -, am) o TER, IXH
BATE A2 LIHHE (2, y0),i = 1,...,m, RAZRE (a0, ..., an)o

1% L FRA A FH 1 ) e e HE B A B8 A2 B Bl a, - - -, a DO ST 15 S0 2K
PEERFER Y = ag + a1z + agz® + . . . + a2 FIR T BRATEECT I 1 2
wERN, B (e, a1,...,a,) € RMTUEERAEMMK, B2 XHTAA HAh
ZH(bo, by, ..., by) € R, K

Z\yi — (bo + byzi 4 box? 4+ ...+ by *> Z|yz — (ag + arz; + agx? + ... + apz})|?
i=1 i=1

HTY" yi — (bo + biwy + box? + ... + ba?)|?= || Av — b]|?,
1

1=

- 2 2
1 oz 27 ... ]
1 zo a3 ... a3
A - . .
, 2 2
1z, a7, X,
bo Y1
by Y2
v=| |, b=
bn Ym
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Qo

ai

b2 1 RS R 1 e =

Qn

16— Av|*> [|b — Aw]]*.

ag
a . /
DRI M B0 B HE R S Wty S 055 R B ¥w = | | 52 LL Fnormal systemff]
an_
it }
(ATA)w = A"b.

£3): BREIEEINNEE—ERB 584 LE—ERER.
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