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1 EINIEE, Multiple Choices. 15 points

1-1 (S points). Let V' be a vector space. Determine which of the following statements

are true.
* (A)Let{vy,...,v.} CV (r > 2). If v; cannot be expressed as a linear combina-
tion of vs, . .., v,, then the set {vy, ..., v, } is always linearly independent.
* (B)Let {vy,...,v.} C V (r > 2). If there is another subset {w;,...,w, 1} CV
such that {vy,...,v,.} C span{wy,...,w,_1}, then the set {vy,...,v,} is always

linearly dependent.

* (O) Let {vy,...,v,} C V. If there is another subset {wy,...,w,} C V for
some integer m > 1 such that {vy,...,v,} C span{wy,...,w,,}, then the set
{v1,...,v,.} is always linearly dependent.

* (D) For v, w,,wy € V, if v and w,; are linearly independent, v and w- are lin-
early independent, w; and w; are linearly independent, then the set {v, wy, wo} is

always also linearly independent.

1-2 (5 points). Let {v,...,v.} C R™ be a subset of vectors in R”, 1 < r < n.

Determine which of the following statements are true.

* (A)Ifthere is a linearly independent subset {w, . .., w,.} C R" suchthat {w;,..., w,} C

span{vy, ..., v,}, then the set {vy, ..., v,} is always linearly independent.
v
* (B) We consdier vq,...,v, as n X 1-column vector, and define w, = [11] €
U2 Uy .
R w, = e R L w, = € R""! (For example, if n = 2 and
r
) 1
v, = [3 € R?, then w; = [3| € R®). If {wy,...,w,} C R" is linearly
1
independent, then the set {vy, ..., v, } is always linearly independent.

* (O) Let {wy,...,w,} C R" be another subset of vectors in R", then there al-
ways exists a linear transformation 7" : span{wvy, ..., v,} — R" such that T'(v;) =
wy,...,T(v,) = w,.

* (D) If the set {vy,...,v,} C R™is linearly independent, then for any given subset



{wy,...,w,} C R", there always exists a linear transformation 7" : R™ — R" such

that 7'(vy) = wy, ..., T(v,) = w,.
1-3 (5 points). Determine which of the following statements are true.

* (A)Forany A € M,,x,, and B € M,, ., we always have rank(A+ B) < rank(A)+
rank(B).

* B)Forany A € M,, and B € M,,, if A and B are similar, then A" and B"
are also similar.

* (C) ForanyA € M, ,, and B € M, if A% and B? are similar, then A and B are
also similar.

* (D)Let A, B,C € M,«, besuchthat AB = C and B is invertible. Then rank(A) =
rank(C).

2 1EZ{, Fill in the blanks. 15 points

2-1 (5 points). Let V = span{e”, e "} C C(—o00,00) be a subspace of the vector
space of all continuous functions on R. The hyperbolic functions are defined by
sinh(z) = %, cosh(z) = %

Let B = {e",e "} and B" = {sinh(z), cosh(x)}. Then the transition matrix Pp . p from

Bto B'isequalto .

2-2 (5 points). Let

-1 1 00 0 —1
7A2 = 7A3 == .
0 0 11 0 1

We can show that the set S = {A4;, Ay, A3, Ay} is a basis of Msyo. Then the coordinate

11
0 0

Alz 7A4:

vector of the matrix A = relativeto Sis [Ajg = .

0 1
2-3 (5 points). Let A = . O] .Let P ={p(z) =ap+amz+...+a,z" :n >
0,aq,-..,a, € R} be the vector space of all polynomials. Define
V= Span{p(A) = aolg + alA + ...+ &nAn p(l’) € Poo} C M2><2.

Then dim(V)=___.



3 10 points

Consider the bases B = {pi(z),p2(X)} and B' = {q1(z), ¢2(x)} for P, = {ag +
a1z : ap,aq € R}, where

pi(x) =6+ 3z, pa(x) = 10+ 22, q1(x) = 2, q2(x) = 3 + 2.

1. (3 points) Find the transition matrix Pg, g from B’ to B.
2. (3 points)Find the transition matrix Pg/. g from B to B'.

3. (4 points) For h(x) = —4 + z, find its coordinate vectors [h] and [h]p.

4 10 points

Let P3 = {ao+ a1z + ax® + azx® : ag, a1, as, a3 € R} and Py = {ag + a1 + asz? :

ap,ar,as € R}. Let T} : Py — P; be a linear transformation defined by

Ti(p(z)) = p'(x) + p"(2)

(here p'(x) denotes the derivative of p(x) and p”(z) denotes the derivative of p(z)), and

T, : P, — P; be a linear transformation defined by
Tr(p(z)) = zp(2z + 1).

Let B = {1,z,2%} and B’ = {1, z, 2%, 23} be the standard basis of P, and P; respectively.

1. (4 points) Find the expression of (T} o T3)(p(x)) for p(z) = ag + a1 + asx® € Ps.
2. (6 points) Find the matrix [T507}]|p g by using the product of [T5] 5 g and [T} ] 5 5.

S 10 points

Consider the matrix transformation 7" : R? — R? whose standard matrix is

1 1
—2 4|
Let B’ = {u;,us} be another basis of R?, where u; = (1,1),u, = (1,2). Find the

matrix of 7 relative to the basis B, i.e., [Tz p/, and show its relation with the standard

[T] =

matrix [7].



6 10 points

In R3, let
T = (17 _27 _5)7 Ly = (Oa 87 9)7

and
Y = (17674>7y2 = (2747 _1)7y3 = (_17275)

Determine whether span{x1, €2} = span{yi, y», y3}, and explain your argument.

7 15 points

Let V' be a finite dimensional vector space. Let 7' : V' — V be a linear operator
satisfying 7% = T o T o T = 4T. Prove that ker(T') + RAN(T?) = V, here ker(T')
denotes the kernel of 7', RAN(T") denotes the range of 7.

8 15 points

Let A € M35 be a matrix such that its first row is nonzero, i.e., if A is expressed by

ailz aiz Aais

A= a21 Qg2 Q23] »

az1 asz 33

1 2 3 0 00
then (a11, a1, a13) # (0,0,0). Let B = (2 4 6 |. Assume that AB = [0 0 0
3 6 10 0 0O

Compute the nullity of A, and find a basis of Null(A).
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