ENE, FAEE S BN

1 EINIEE, Multiple Choices. 15 points

1-1 (S points). Let V' be a vector space. Determine which of the following statements

are true.
* (A)Let{vy,...,v.} CV (r > 2). If v; cannot be expressed as a linear combina-
tion of vs, . .., v,, then the set {vy, ..., v, } is always linearly independent.

Him. &Bl: 2V =R?% v, = (1,0), vy =(0,1), v3 =(0,2). ZHRv, IR
vy 5o MR EA S, (HRH T vz = 20y, EB{v1, v, v3 ERPEK

* (B)Let{vy,...,v.} C V (r > 2). If there is another subset {w;,...,w, 1} CV
such that {vy,...,v,.} C span{wy,...,w,_1}, then the set {vy,...,v,} is always

linearly dependent.

E#. B {vy,...,v,} Cspan{w,..., w,_} Al Hldim(span{vy, ..., v,}) <
dim(span{wy, ..., w,_1}) =r—1. FrUlinR{v,, ... v JE&METLR, BanR
2 fdim(span{vy,...,v,}) = r > dim(span{wy,...,w, 1}) =r — 1, FJ&!
H{ vy, ..., v, JASREEAR O

* (C) Let {vy,...,v,} C V. If there is another subset {w;,...,w,} C V for
some integer m > 1 such that {vq,...,v,} C span{ws,...,w,,}, then the set

{v1,...,v,.} is always linearly dependent.

Bz, &fl: AV = R%, Bv = w, = (1,0,0), v, = wy = (0,1,0),
wz = (0,0,1), HALER{v, v} C span{w;, wy, w3}, HE{v, v} E&NETS
Ko

* (D) For v, w;,w, € V, if v and w, are linearly independent, v and ws, are linearly
independent, w; and wy are linearly independent, then the set {v, w;, wo} is al-

ways also linearly independent.

EiR. xfl: 4V =R3 v =(1,0,0), w; = (0,1,0), wy = (1,1,0)c &FH
BiFv 5w TR, vHwEkMTLRK, wiHw MK, HEH Tw, =



v+w, BhE{v,w,w LMK
ZIEE H RN WTF—ANEE{v,..., v}, CERANEERRLMETX
TERERIEEBNE S BT K.

1-2 (5 points). Let {v,...,v,.} C R™ be a subset of vectors in R”, 1 < r < n.

Determine which of the following statements are true.

* (A)Ifthere is a linearly independent subset {w1, . .., w,.} C R" suchthat {w;, ..., w,} C

span{vy, ..., v,}, then the set {vy, ..., v,} is always linearly independent.

Ef. {wi,..., w ML RKEREdim(span{w,, ..., w,}) =7, FH{w,,...,w,}C
span{vy, ..., v, } Al f3dim(span{vy, ..., v,}) > ro WHR{vy, ... v, R,
W4 iR e=Hdim(span{vy, ..., v, }) <7, FHE! W{v, ... v} ELHETLK.

v
* (B) We consdier vy, . .., v, as n X 1-column vector, and define w; = [ 11 e R
V2 Uy .
wy = [2 e R L w, = [ € R""! (For example, if n = 2 and
r
. 1
v, = [3 € R?, then w; = [3| € R?). If {wy,...,w,} C R is linearly
1
independent, then the set {vy, ..., v, } is always linearly independent.

‘o 1 N Y N
jél:lfo /Q'\T =2, n =2, v = [O] = V2> %K/Aﬂé‘ﬁj\iﬁ’vlgvgzﬁ'ﬁjﬁﬂé,

—_

Tﬂwl = |0 5’(1)2 = @%‘@%3‘30

)

* (C) Let {wy,...,w,.} C R” be another subset of vectors in R”, then there al-
ways exists a linear transformation 7" : span{wvy, ..., v,} — R" such that T'(v;) =

wy, ..., T(v,) = w,.

B|iR. 2r =2, Bi%vy = 2v;, vy # 0, Hwy = 3w;, w; # 0. WA
E— N IT - R? — RYFHRT(v1) = wys T(v2) = wy, AT
PR A IE R w, = T(vy) = T(2vy) = 2T (v1) = 2wy, X5REw, = 3w,
wy # OF 5. PRI ME LT AR R T

* (D) If the set {vy,...,v,} C R™is linearly independent, then for any given subset



{wy,...,w,} C R", there always exists a linear transformation 7" : R™ — R" such

that 7'(vy) = wy, ..., T(v,) = w,.

Eff. W {vy, ... o JERIETER, TBAT DL Y 78 R ) — 4134 i
{vi,.. ., 0, V41, .., 0.}

Moty € RPATUIME—RTZ A = kivy + ... + kv, BATEXT : R —
R"A

T(’U) = T(k’lvl + ...+ k’n’l)n) = klwl + ...+ ker -+ kr+10 + ...+ k’nO

BARREIT R — AN GH E CIE— ), BSET (o) = wi,..., T(v,) =

wr o
1-3 (5 points). Determine which of the following statements are true.

* (A) Forany A € M,,x, and B € M,,«,, we always have rank(A + B) <
rank(A) + rank(B).
Effg. KHAS5BE NI ERR
A= [vl vn} ,B = [wl wn],

%ZA+B:[m+w1“.m+w40ﬁ%A+B%ﬂ?WQMA+B%:
span{v;+wy, ..., v,+w,} C span{vy,..., v, +span{wy, ..., w,} = Col(A)+
Col(B). HILEIAA

dim(Col(A + B)) < dim(Col(A) + Col(B)) < dim(Col(A)) + dim(Col(B)).

* B)Forany A € M,y, and B € M,,, if A and B are similar, then A" and B'

are also similar.
IEffy. WIRALBMPL, IBAAFAE AW FE PR

B=P1AP,
WAPLFREE, TEBT = (P1AP)T = PTAT(P-1)T = PTAT(PT)! =

Q'ATQ, Q= (P")'s HIULATEBTHIML

» (C) ForanyA € M, ., and B € M, if A% and B? are similar, then A and B are

also similar.



0 0 1 -1

iR, A= 0 ol B = N W ARrank(A) = 0 # 1 = rank(B),
A BAFAERARATAREL, B2 b TR PR &, WA rank(A) =

rank(B), 5 ESRR). (ARA2 = B2 = || g , EIAZS B2

* (D)Let A, B,C € M, besuchthat AB = C'and B is invertible. Then rank(A) =
rank(C').

IE#h. B ILIRAEProblem E& VRIAT, X TR R B4 B T (4 FE AR T ,
EIJTB R — ]Rny‘j]ﬁl*@’ ﬁ?ﬂjﬁ

rank(7¢) = rank(7'y o Tp) = rank(74).
Al A rank(A) = rank(C).

2 1EZE/, Fill in the blanks. 15 points

2-1 (5 points). Let V' = span{e”, e "} C C(—o0,00) be a subspace of the vector
space of all continuous functions on R. The hyperbolic functions are defined by

— : cosh(av):6 +2€

Let B = {e*,e "} and B’ = {sinh(z), cosh(x)}. Then the transition matrix Pp/. p from

sinh(z) =

B to B’ is equal to

BER: WUFR16TUR T HB AR E LA Al,

Pocn=lelp [e]m]
tHTe® = sinh(z) + cosh(x), FAMNTH[e®|p = E] » X He™® = cosh(x) — sinh(z) ]

/%l’[e_z}B’ = [_11] ’ 'TJE\)\W\J:PB/HBE]/‘J%%tﬁﬂ?%

Ppp= [[696]3' [6_96]3/] = [1 _1] .

2-2 (5 points). Let

-1 1 11 00
>A2: 7A3: ;
0 0 0 0 11

Alz




We can show that the set S = {A;, A, A3, Ay} is a basis of M. Then the coordinate

vector of the matrix A = relativeto S'is [A]s = .

T1
ER BUMAs= || Bat
3
Ty
A= _21 2] =11 A + 1945 + 1343 + x4 Ay

-1 1 11 0 0 0 —1
= + T2 + T3 + x4
0 0 0 0 1 0 1
B B3 Wi - T e i B 71
T3 T3+ T4 ’
Eﬂxla Tg, X3, $4M‘2}ﬁﬁ%/@j§%§éﬂ
—T1 + X9 = 2
T|+ Ty — Ty = 0
T3 = —1
T3+ Ty = 3.
Rz IR T 43
T = 1,1’2 = 3,!133 = —1,{]34 =4
3
RI[A]s = .
—1
4

0 1
2-3 (5 points). Let A = . 0] .Let P = {p(z) = ap + a1z + ... + apa™ :n >
0, ag,-..,a, € R} be the vector space of all polynomials. Define
V= span{p(A) = agls + CL1A + ...+ anA" p(ZL‘) € Poo} C Moys.

Then dim (V') = .

ZBR: HTV =span{p(A) = apla + a1 A+ ... +a,A" : p(z) € Py}, FIHIVIY
[y € VAR LARR A

5



EKEm > 1k, ..k, € Ropi(2), ..., pm(x) € Peo RiAlHI, {E{Tv € VEIR] LI

TN, A, A2 APl 2, 5 B DAL T AR
BT RRAEEE, EAA = | ; L RATHA? = — ; (1)] — L, kA

BA3 = A2A = —LbA = —A, A* = A3A = —AA = —A%2 = I,,..., KHILsERs
FV =span{l,, A} BEHWUELEAZMT R, Hdim(V) = 2.

3 10 points

Consider the bases B = {p1(x), po(z)} and B’ = {q1(x), g2(2)} for P, = {ap+aqz :

ag,a; € R}, where

pr(x) =64 3z, pa(x) = 10 4 22, 1 (z) = 2, g2 (x) = 3 + 2.

1. (3 points) Find the transition matrix Pg, g from B’ to B.

FiEL: A4S = {1, 2} NP ISR R . A4
6 10
- [

B=Alm@)s =1, )

B = {[q(z)]s = H  [g2(7)]s = [3 }

0 2

RRFIALIEI. ?ﬁﬂ‘%ﬁﬁﬁﬁlﬁ‘aﬁ%ﬁﬁiﬁlg 120], ﬁﬁé/ﬂ@aﬁ%ﬁf@[i 2]

T2 R FIVE 11 7-118 T 575, PRI AT A4 [ i 4 F7E [ B| B L B 3 /232
(F) BAE R S AEAE I, LI AT 30 (R B AR N R M Py, s BB PR, 5 =

(B)'B. %t BAKIF AP, 5 = (B)'B — [‘12//39 71/;)6  HikE

-2
%'JPB%B/ZPB%B,:[ /9 7/910

1/3  —1/6
F3E2: U116 5 T A A5 50 M ) 8 SCRT A,
Pocw = [[a@)s (0],

a

PR e R SR e AN P & [ ()] 35 (2 (7)) 5o R [q1(2)]5 = [b

L AL
q1(x) = ap1(x) + bpa(x) = a(6 4 3z) + b(10 + 2x) = (6a + 10b) + (3a + 2b)z,

], WA E

6



NG (z) = 2, A[#56a + 10b = 2,3a + 2b = 0. KFEZITFEH, WHa =
-2/9,b=1/3, HJ

[¢1(2)]5 =

—2/9
1/3 |

c
d

¢2(z) = cpr1(x) + dpa(x) = (6 + 3x) + d(10 + 22) = (6¢ + 10d) + (3¢ + 2d)z,

Kot k(g (x)]s = [ ] A2 e B AL

R’NG(z) = 3+ 2z, A[f56c+ 10d = 3,3c + 2d = 2. KFZTFEH, W
Be=17/9,d=—1/6,

7/9
—~1/6

[¢2(7)] 5 = [
A I,

1/3 —1/6

2. (3 points)Find the transition matrix Pg/, g from B to B'.

Ppep = [[QI(x)]B [(Jz(x)]B} = [_2/9 i ] :

» [3/4 7/2]

Poros = Fpep = 3/2 1

3. (4 points) For h(z) = —4 + x, find its coordinate vectors [h]z and [h]p:.

g 2h(2))s = [b

3z) + b(10 + 2z) = (6a + 10b) + (3a + 2b)z, Bl6a + 10b = —4,3a + 2b = 1.

SRR e = 1,0 = —1, HI[h(2)]s = [ 11], BT 453 ()] =

P (0] — s/ 72l [1] [-11/a
SR YOS I Y B IR YO

i

s Wah(z) = -4+ x = ap1(x) + bpa(z) = a(6 +

4 10 points

Let P3 = {ag+ a17 + axx® + azz® : ag, a1, a2,a3 € R} and Py = {ag+ a7+ ax2? :

ag,ai,as € R}. Let T} : Py — P, be a linear transformation defined by

Ti(p(x)) = p'(x) + p"(x)
(here p/(x) denotes the derivative of p(x) and p”(z) denotes the derivative of p(z)), and

T, : P, — P; be a linear transformation defined by
Tr(p(z)) = xp(2z + 1).

7



Let B = {1,z,2%*} and B’ = {1, z, 2%, 23} be the standard basis of P, and P; respectively.

1. (4 points) Find the expression of (T} o T3)(p(x)) for p(z) = ag + a1z + asx® € Ps.

ER: BHTLQA) =2Ti(z)=1, AT oTr)(1)=1; HTT(z) =22z +
1) = 2224z, T1(22°+x) = (222 +2) + (222 +2)" = dz+5, AIfH(T1oTh)(x) =
4r+5; HTTh(2?) =220+ 1) =42’ +42% + o, Ty(4a® +42? + 1) = (42° +
4’ +x) + (43 +4a? +2)" = 1202 +-320+9, F1F(Ty0Ty)(2?) = 1202 4+-322+9.
ESJL:

(T1 o Tu)(p(z)) = (Ty o T3) (ag + arx + axx?)
= ag(Ty o T5)(1) 4+ a1 (T} o Ty) () + ax(Ty o Tp)(x?)
= ag X 1+ ay(4x + 5) + ay(122% + 327 + 9)
= (ag + 5ay + 9az) + (4a; + 32as)x + (12a5) x>

2. (6 points) Find the matrix [T507}] 5/ g by using the product of [T3|p  and [T}]p 5.

ZBR: HTT(1)=0,Ti(z) =1, Ty(2?) = 22 + 2, To(2®) = 32% + 62, 157

0 1 2 0
[Ti(]s = [0| . [Ti(@)]s = |0, [T1(z*)]5 = |2| . [T1(=")]5 = |6] .
0 0 0 3

Atk
0120
Tlse = L] Bi@)s L6 D)) =0 0 2 6
0003

_ _ _ 9.2 2y _ 2 _ 4.3 2
2(l) =z, = = ) = =
HTTy(1) = 2, Th(z) = z(2x+1) = 222 +z, Ty (2?) = z(22+1)* = 4o’ +42%+x,

53
0 0 0
1 1 .
[T5(1)]p = 0 [ To(2)]pr = ) N (27)]pr = nE
0 0 4
A
000
[T] = |[T5(1 T: Ty (22 = bt
2lp s = |[L(V)]p [Ta(@)]p [T2(2%)]p| = 09 4
0 0 4



0 0O 0 0O
01 2 0
1 1 1 01 4
Ty o Th)p g = [To)p [T B = 00 2 6=
0 2 4 0 0 4 24
0 0 0 3
0 0 4 0 0 0 12

5 10 points

Consider the matrix transformation 7" : R?> — R? whose standard matrix is

1 1
—2 4|
Let B' = {u;,uy} be another basis of R?, where u; = (1,1),us = (1,2). Find the

matrix of 7" relative to the basis B, i.e., [T]p/ g/, and show its relation with the standard

T) =

matrix [7].

R: 4B =1{(1,0),(0,)} R FrHEREIR, ATAFAT 50

1 1

—2 4]

A=, XFB ={u = (1,1),uy = (1,2)}, AT H BB Pe p =

11 2 -1
[1 2] ’ U\&PB/(_B — PB?(:LBI - [ o JJ:l:

1]?

Tpp=[T]=

Tl = Pyen(Tlp P ,:[2 —1”1 1”1 1]:[2 o]

-1 1

6 10 points

In R?, let
T = (17 _27 _5)7 Lo = (OJ 87 9)7

and
Y1 = (1a674)7y2 = (2747 —1)7’93 = (_17275)

Determine whether span{x;, x>} = span{y;, y2, y3}, and explain your argument.



3

ER: W, =span{x,, xs}, Wy = span{y,, yo, ys}. WIRFEATREIUEHWE =
Wi, AT (WD) =W, (W) )t =W, FATATPABREIW, = Wa.
W = (11,20, 13) € Wi, HAE LI E

T-xy =21 — 209 —Dr3 =0, X x3=28ry+913=0

11/4 11/4
KRARMTTRA TR IE B e = | —9/8| ,r € R, BIW; = span{ | -9/8]}-
1 1

W = (11,19, 13) € W5, IBAELIH L

Y = x1+6x9+423 =0, XY =201+425—23 =0, xY3=—21+222+5x3=0.

11/4 11/4
KRAGITTRRA AT fENe = r | —9/8| ,r € R, BIW; = span{|—-9/8|}, [tk
1 1

ﬁwf_ - W2L’ E‘[]W:[ - W2O

7 15 points

Let V' be a finite dimensional vector space. Let 7' : V' — V be a linear operator
satisfying 7% = T o T o T = 4T. Prove that ker(T) + RAN(T?) = V, here ker(T)
denotes the kernel of T, RAN(T"?) denotes the range of T2,

BR: MERv eV, BATHA LUK KRR N
1 1

v = ZT2(’U> + (v — ZTZ(’U)).

BAR, 1T%(v) = T?(3v) € RAN(T?). H—JiHl, HET(v - 1T%(v)) = T(v) —
LP(T2(v)) = T(v)—1T3(v). HIRRT? = ATAET(v—1T2(v)) = T(v)— 173 (v) =
T(v)—1x4T(v) = T(v)—T(v) =0, MIHv—1T?(v) € ker(T). FL, FETLLE
ST Rv = 1T2(v) + (v — 172 () FAEFE v € ker(T) + RAN(T?) X EATv € VAL
3, MRV = ker(T) + RAN(T?).

10



8 15 points

Let A € Mj;.3 be a matrix such that its first row is nonzero, i.e., if A is expressed by

a1; Qa2 Qi3
A= a21 A2z A23] »

az1 asz 33

1 2 3 0 0O
then (a1, aiz, a13) # (0,0,0). Let B = (2 4 6 |. Assume that AB = [0 0 0
3 6 10 0 00

Compute the nullity of A, and find a basis of Null(A).

BR: MTHMEABRIE 555 T ARUBHIS —5, ABKIS —555 T Asf
PABHIZE %1, ABWEE =335 T AFLIBHIEHE =5, B EATER: L5 2)

1 B 3
Al2] =0,4A|4] =0,4A|6 | =0,
3 6 10
1] [2] [3 e
LU ATAS B =A% & 2], |4, | 6 | #)8 TNull(A). HZRIE (2|5 |4 &
31 6] |10 3 6
3
YOG, S| 6 | &ML, Hitkrank(B) = 2, HNull(A)E & PIASLRE T KM 1A
10
1 3
=(2],]6
3| |10

000
5—7Jim, FINAB= [0 0 0|, JATATLLHIERAN(B) C ker(A). FHHAFH]
000

rank(B) = dim(RAN(B)) < dim(ker(A)) = nullity(A);
I PA_EAZE R PA K rank—nullity @ 3, XA LS 3
rank(A) + rank(B) < rank(A) + nullity(A) = 3.

H Trank(B) = 2, BLEAR%4E 7 A Irank(A) < 3 — rank(B) = 1. YR,
AW AT AR Z IR, Filkrank(4) > 1 BUb, S&RAITHrank(A) = 1, B

11



Plnullity(A) = 3 — 1 = 2. FEEER BTN D EIUEHNUll(A) &AM TE R 1 ]
1 3 1 3

=(2],]6/|, Frbl|2], | 6 | &Null(A)R—HEEK.
3| |10 3| |10

12
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