ENRE, FLEEIENH

A E TN, Multiple Choices. 15 points

1-1 (5 points). Determine which of the following statements is/are true.

* (A)If A € M,, is an orthogonal matrix, and A € R is an eigenvalue of A, then
A=1lor)\=-—1.

IEf. WRN € REAK ML, B2AFEEFARE € RMERGAv =
Mo XPFHANIERFRE, HiYk L Theorem 74F 4, | Av||= ||lv||RoL. 4L

[v]l= [|Av|[= [Al[lv].
Ko # 0, LA EEERGIBRER (N =1, BN =180 -1,

e (B)Let A, B € M,,,,. Then AB is invertible if and only if A and B are invertible.

IEHh. WIERA B, BARMABAW . Rz, RWABWH, HAHA]
Arank(AB) = n; [FN HE9IXA/ENProblem E, FAIHIEN = rank(AB) =
rank(7Ty o Tg) < min(rank(A) = rank(7,),rank(B) = rank(7g)) < n,
IR Hn = min(rank(A) = rank(T4),rank(B) = rank(7)), Bfrank(A) =
rank(B) = n, RIRIXZIRE A BHSA IS,

* (C) Every orthogonal matrix A € M,,,, is diagonalizable.

=] O _1 N NN = VA N
Bix. HFFA = Lo BARRIEZH R, H2EMRHEZ TN + 1,

AL SRR, I AARERS 1K

* (D) If A € M,«, has n linearly independent eigenvectors, then A is a symmetric

matrix.

iR, L=MEA = [(1) z AP AR PRI EN = 1A = 2, Bt

B UK A (HF L Theorem 6.15),  #CTA7 7E AR ANRFAE 7] 5 2H AR 1Y — 4.
HIE, Wik X Theorem 6.13. {H SR AANFE N FRFEFE o



1-2 (5 points). Determine which of the following functions (-, -) is/are inner product.
0 3

3 o] '
$%WROE%A:E ﬂm%&%ﬁﬁﬁyaso@&v¢waﬁﬁaw@
—AHEAE, BARNAYy = —3v, TATH

e (A V =R%forx,y € R?, (z,y) = x' Ay, where A =

(v,v) =v' Av =v' (-3v) = —3||v|?< 0,
R A AR T 2 MRS T 12— e, ) > X — Pl € VIRE).
i
X%WROm?A:ﬁiﬂ,@wwzﬂmdeEﬁweW%&j,ﬁ
LA R BRI IE s HE A B L B2 e = 0 = (@, @) = 0).

e B)V =R2% forxz,y € R? (x,y) = " Ay, where A =

* (OVV = Mxn, for A,BeV, (A B)=t(B"A).
=R, FFHIER.

e D)V =P = {a0+a1 + asx?; ag, a1, as € R}’ forp(m),q(x) eV, <p(x),q(x)> =
p(1)q(1) + p(2)q(2) + p(3)q(3).

R, (p(z),q(2)) = p(1)q(1)+p(2)q(2)+p(3)q(3) KXt FrE, Rk, 557K
P, PLE(p(z),p(x)) > OMAE(Tp(z) € P AL Gy Sk . Rtk A
A uE B (p(2), p(2)) = p(1)2+p(2)° +p(3)* =0 <= p(z) =0 € Poo WA, U
Rp(x),p(x)) = p(1)*+p(2)*+p(3)* = 0, W2aLRAp(1) =p(2) = p(3) = 0.
SR, p(x) = aptarz+asa* 1EN—AZIROTHE, R EAEET ORI, B4
% HATRATA R SR, (1) = p(2) = p(3) = 0(Ep(z) = 0%
ZANANFE SR S R A Ip(2) LARTEZET0, Blip(x) =0 € Py

1-3 (5 points). Determine which of the following properties is/are similar invariants.

* (A) rank.
* (B) The dimension of eigenspace.
* (C) Eigenvector.

* (D) Characteristic polynomial.



%%: ABDo CZ:IEI\ZEEbj?:ﬁs &1&']%1#3(1693?0

2 1EZSF, Fill in the blanks. 15 points

-2 1
2-1 (S points). Let A= | 0 1], then the singular values of Aare
-1 0
5 =2

BE. ATA = . KL AT ARVRFE FFE AN —TA+6 = 0, #i5

FIAT AMFFEE N = 6,0 = 1. BILARE R N0, = VA = V6,00 = VA; =
V1=1. (XEER, E& R ERHE] 5 -G A KEN IS

2-2 (5 points). If the quadratic form f(zy, 72, 23) = a(x? + 23 + 23) + 42129 +
4x113+ 42973 is changed to standard form f = 6y? by the orthogonal change of variables

x = Py,thena=____.

BR: Hf(r,20,23) = a(x? + 23 + 22) + dv120 + dvy23 + Ao B G E
Hf (21, 22, 23) TR L) Z IR BQ o HA IR0 PR R R AN
a 2 2
A=12 a 2
2 2 a
TV f (21, 22, 73)1H 1T orthogonal change of variables © = Py A &L A f (y1, y2, y3) =
6
6y, MARXRBEWEHEASX AHIED = 0 AL, WEP6S0Z AR AN RHE
0
8, HORAEEL 2. HILFTT, ARFREZ AT AR R Ipa(N) = (A—6)(A—
0)%. XHT

pa(\) = det(A5 — A) = (A —a)® — 12(\ — a) — 16,
(A —a)® =12\ —a) — 16 = (A — 6)(\ — 0)2FHXT LU R EL, IR BHa = 2.
2-3 (5 points).

Let A € M;y3 be a diagonalizable matrix: there are diagonal matrix D and invertible
matrix P such that D = P~'AP. Suppose that tr(A) = —5, and A? + 2A — 313 = 0343

3



is the zero matrix. Then D = .

£: 4D=| y |. HTuZMUAZEHCRASDMEL, Fituw(D) =
z

r+y+z=twl) =-5. H—HMH, ¥D = P'AP <= A= PDP'ffA

A2 4+ 2A — 313 = 03x3, N3

I]’f

P(D? 42D — 3I5) P~ = 03,3,
AR PRTTITRRE, A EID? + 2D + 313 = 0343, Bl

2242 —3 0
y? + 2y — 3 = 0 ;
22 4+22—3 0

M 2?+22 -3 =12 +2y—3 = 224+22—-3 = 0. fRZHRE S, y, 27 LI —38%
Fle WaBAEERr+y+ 2= 5182 = -3,y = =3,z = LAARER— A
-3 1
D = -3 | (XERAEEHFIINT, D = -3 42
1 -3
IEMZEZ).

3 10 points

1 -1 1 2
Supposethat A= | 2 4 —-2|,B= |0
-3 -3 a 0

S N O

0
0|, and A is similar to B.
b

(a) (4 points) Find a and b.

ER: HTASBMEL, Hdet Suff2MHAPIAZR, RAE
tr(A)=1+4+a=tu(B)=2+24+b=5+a=4+0D,

det(A) = 6a — 6 = det(B) = 4b.
RFLLLTTREH, Alf3a =5,b =6,



(b) (6 points) Find an invertible matrix P such that B = P~'AP.

BR: mUHERTH, XEFEKANANNB = P'AP, HHBH AL
FEARAT S, PRIE—H 528 %, it Ney, cyr e AR T RHE(E 2 RRE 2% (8] 1)
—HIEE, PRIE =5, idNes, AKX THREBEG IR E 2 18] 1 — 2H RE i
DAL 23 S0l 3K A 7 R4

5
(6]3—14)&7:07
-1 1 1/3
AfRP=11 0 —2/3|,
0 1 1

4 10 points

Consider P, with the inner product

for p(z),q(z) € P,. Apply the Gram-Schmidt process to transform the standard basis
B = {1, z,2*} to an orthonormal basis of P,.

BER: NEXHM3I72-373T189Example 9.

S 10 points

Consider the following quadratic form
f(zy, w9, 3, 24) = 20179 + ks + 21374 + 225, k ER.

(a) (3 points) Find the symmetric matrix A such that f(z1, ¥o, z3,74) = ' Az, where

X1

€2
€XTr =

€3

Lyq



(b)

ailz a2

i

21 Qa22
A=
azy as2

]]?

aq1  A42

ais
23
as3

43

Q14

24

34

Q44

T 2 2 2 2
Qa(x) =x' Az = a1x7] + axx; + azzxrs + agr; + 2 E T4,

1<i<j<4

5 f(x1, 2o, w3, 14) = 22109 + k22 + 22374 + 222 LS 15 2]

1
0
0
0

o O = O

0
0
k
1

o = O O

(4 points) If 3 is an eigenvalue of A, find the value for £ and find an orthogonal

matrix P such that D = P~' AP where D is a diagonal matrix.

ER: HAREEIANFIEZ B pa(N) N

A —-1 0 0
1 A 0 0
det(\,—A) =
0 0 A—k -1
0 0 -1 A—2

A =1 (A—-k -1

IR = (N=1)[(A\=k)(A—2)-1].

CUAI3 A2 A — AMRREE, %8G pa(3) =0, AP

M2k = 2. S

(3—1)[(3—-k)x1—1] =0,

1
0
0
0

o O = O

0
0
2
1

0
0
1
2

AR ARIFAEZ T pa(N) = (N = D[(A=2)* =1] = (A =1)*(A+1)(A = 3),
R AR IEE NN =1, 0 = —1.03 = 30
KREAHRRENT, — A =0, A8\, = IFFHEZ AV, I — 4 CH

o O = =



St {v", vy M FH Gram-Schmidt 512, 0] LGBV, [ —ZLbRdE IS SR N

1/v/2
1/v/2
a1 = vy /v = :
0
0
0
A A
vy — (v @)@ A A 0
@ = 1 = vy /vyt ||=
[v3" = (v3" - q1)au | ’ ? —1/v2
1/v2

(?J‘%%E:y ,05\1 g1 = 0)0
RIFTTREA N L — A =0, A[fGN, = —1IRAE R VA, B — 412 RN

—1

DR 6 F F Gram—Schmidt&9%,  AT45V,, B — A br i IR 58 A

—1/V/2
1/v/2
0
0

wJa, REITTREHNL — A =0, AN = MRFALZE E V), 10— 4Ly

as = vy*/[vi*||=

vl ==

>
&

A H Gram-Schmidt5.3%, w15V, B — 4 bR IEAZ A

0
0

1/vV2|

1/v/2

1/v2 0  —1/v/2 0

1/vV2 0 1/v2 0
0 —1/v2 0 1/V2
0 1/V2 0 1/V2

a1 = vy /||v =

é/%iﬂ?%a P = q1 g2 Qs q4] = y‘jﬁﬁ



RIEAZFERE o

(c) (3 points) Decide whether A is positive definite.
HH i X Theorem 7.197] %1, X FRHLFE A Npositive definite 4 HAX 24 BT A 4F
IEE N IEE. BATCHE B RRAFFEE -1, KA JEpositive defi-

nite.

6 10 points

Let A € M,x, be a matrix such that || Az||= 1 for all unit vector x € R" (i.e.,
|z||= 1), where ||-|| is the Euclidean norm on R™. Denote the column vectors of A by
Ci,...,Cp,le.,

A:[Cl Cy ... Cp-

Compute [[A?%(¢c; + ...+ ¢,)].

BR: HlhE BB AR — N IERAERE, RNy € R?, y #
0, #FH

y
[ Ayll= HAmHHyHZ L lyll= llyll

=1
A B X Theorem 7.5(2), RIIESAERE (S BUL A IEAHEFE, RIAFA% N IEAZHE
B o DRI P I S B R RF 1] B I EAN AR 1% 52 (HF X Theorem 7.4), 7I 43

A% () + ...+ e)l=ller + ... + el

K Ney, ..., e, R IEA A FE AR A &, EATT 0 PR 2 BRR™ B — 2 A vhE 1 52 FR SR (F

X Theorem 7.4), Pt i/a) i€ B (UF X Theorem 7.12(7)) /I 15| c1+. . .+c,||°= ||er]|*+ . ..

lea|?=n, Dk

A2 (1 + ...+ cy)||= ller + . .. + eal|l= V.

7 15 points

Let V be a finite dimensional inner product space with inner product (-, -). Let U, W

be two subspaces of V.



(a) (5 points) Suppose that U C W, prove that W+ C U+,

BR: B, MEMv e W, 2 (v,w) = OXHMEfMw € WL, F 5,
AU ¢ W, (v, u) = OWEfu € UKL, v e UL, FILWL Cc UL,

(b) (5 points) Suppose that proj;; = proj;; o projy,, prove that U C W.
BER: WEMv e W, B Fprojy, (v) =0, 2 FIHEE AT A

proj, (v) = proj,; o projy, (v) = proj,(0) = 0,

KRR E RN Tv € ULULE X Theorem 7.15). KILEA1EFIW L c UL, H
F—H MUY c (WHt=UcCW,

(c) (5 points) Suppose that U C W, prove that proj;; = projy, © proj.

£: HIEXR SR F L Theorem 7.15), XHEfv € V, #H

]]?

v = projy;(v) + projy.: (v)

H & AT Fproj,(v) € U € W, Htiprojyy, (projy; (v)) = projy (v)-s

8 15 points

Let A € M,,,. Suppose that p is the largest eigenvalue of A" A.

(a) (3 points) Prove that || Azx||< /p||lx|| for all z € R”, where ||-|| is the Euclidean

norm on R".

BR: HEER, T EMz e R", #H||Az|*= Az - Ax = (Az) (Az) =
' (AT A)x,

A, HTAT AR, HiE L Theorem 7.97] HIAF1E AlfIn/M3FE
BIE{v,...,v, R —HAEEZTE, F(LE X Theorem 7.15)x €
R™A] ARIR A

= (x-v)vi+...+ (T v,)V,.

R o e AT A TR FORHE I B G = 1, n), TBARI(AT Ay, =



)\iviﬂ%af

(ATA)z = (ATA) (- v)vi + ...+ (- v)v,) = (- v) (AT Ao + ...+ (- v,) (AT A)w,
=Mz -v1)v1+ ...+ A\ (x - v,) 0y,

BHARNEAX| Az|?= 2T (AT Az ] 15

|Az|P=x" (AT Az =2\ (x-v)vy + ...+ (- v,)0y,)
=z (M(x-v)v1+...+ (- v,)v0,)
=(xz-v)vr+ ...+ (- -v)v,) - AM(x-v))v+ ..+ AT v,)vy)
NP M(z-v)?+ . 4 (T v,)E
{v1,...,0n } FEBFHEIESE LR
H1Yf X Theorem 7.24 P HIAT APRFLE R VARG, BHEEN; > OXAEMT = 1,.. ., npk
Sy XHUBR AT Flpe AT A RHIRHIEE, Bllp > X, > OXHEAT: =1, .., nf%
S, PRk, M BL AR

|Az||?= Mz - v1)* + ... + Moz - v,)?
A5 2
|Az|?< p((z-v1)* + ... + (T - v,)?).

MHAz|*= (2 v1)* + .. 4 (2 v,) "R {v, . o, IR HEIE RS VE 535
iE), WATLFRGR|| Az ||>< pll2|®, BRI Az||< /pll|

(b) (5 points) Prove that if p < 1, then [,, — A is invertible.

BER: BEWIL, — AT, BATREIEUN(L, — A) = {0}RIAT. AR
W € RMETS

(I, —A)x=0= Az ==,
WAL IR T EARIE || Az || = [J2||o X HEE—F S 2045 RIATAIE, ||Az||<
Vollz|l, B, #Hz e Null(l, — A), MHEH

|zl|= |Az||< V/pllzll= (1 — /p)ll2]|< 0.
BRI R AR < 1RTA0, 1—\/p >0, Bk, HEQ1 - /p)|=|< 0L, R
BEH |z)|=0, Rlz =0. FTUARATEN T2 € Null(f, — A) = « =0, iEH.

(c) (7 points) Suppose that A is invertible. Prove that A can be written as A = RH,
where R € M, «, is orthogonal, H € M,,,, is symmetric and all of H’s eigenval-

ues are positive.

10



BE: X ERMHEREANHNA = RH, RZIEZHME, HZXFRHME
fo IBAZA I EE A FEQRI i, B AZESVDI . WIERZQR AL,
BIA = QR, MARTERL—A L=/, M@HHPERA = RHPHI
TEATIL IR H S — SRR RE, B TR N B =M R— R B AR
XFFRPE, QR I ANE Al o PRI FATT 7 2 N 2 A HISVD 2 fi#

EBR: DB EIREAL, AT ELZERZANSVDY fE. M2k
WARISVD N
A=UxVT,

U,V € M, e IEZHRE, S € My, FIXHfL & AR IE 7 18

01:\/)\_12...20k:\/)\_k>0.

HT C& Bz AN HHEE, Blrank(A) = n, FESVD il B A&k N 2%,
WiF X Theorem 7.26, ATEEE = n, BIY € M, %A%k FcEe, >
>0, > 0 NIEH
e FRBATTREMNSVD A fEA = USV T ARG H— /N REFRHE B H A — N 1EAS
iR RAYIAS

A=UxV' = RH.

KEBMATEER, HTVRIELHERE, IOEVTV =1,, Hik

A=UxV' = UEI)_//EVT = (UVH(VEVT.

WE, #R=UV", %H =VIV'T, BMNT4URHFA = RHEL. Mo, &
BAWE N IEAE R, R = UV T i&R— N IERH (i X Theorem
75); WARH = VEVTR DX FRFFE(R SRR AFRE, B2 PR
M), HHBFHSSHME = VvEVT = (V) ISVHHEATCLIUEY T 21E
R FAFERE, XA BT R N IERGX SN TSR A R E N 1IEED,
FFHRFAEAE AR AN B PR R, AT 13 H BT R E B AN IS Rk A =
RHRFTR 53 o

11



	不定项选择, Multiple Choices. 15 points
	填空题, Fill in the blanks. 15 points
	 10 points
	10 points
	10 points
	10 points
	15 points
	15 points

